We introduce a new \weak" BMO-regularity condition for couples (X; Y ) of lattices of measurable functions on the circle (De nition 3, Section 9), describe it in terms of the lattice X 1=2 (Y 0 ) 1=2 , and prove that this condition still ensures \good" interpolation for the couple (X A ; Y A ) of the Hardy-type spaces corresponding to X and Y (Theorem 1, Section 9). Also, we present a neat version of Pisier's approach to interpolation of Hardy-type subspaces (Theorem 2, Section 12). These two main results of the paper are proved in Sections 10{18, where some related material of independent interest is also discussed. Sections 1{8 are devoted to the background and motivations, and also include a short survey of some previously known results concerning BMO-regularity. To a certain extent, the layout of the paper models that of the lecture delivered by the author at the Conference in functional analysis in honour of Aleksander Pe lczy nski (B endlewo, September 22{29, 2002).
Dedicated to A. Pe lczy nski on the occasion of his 70th anniversary 1. The set-up. By a lattice of measurable functions (or simply a lattice) we mean a quasiBanach space X consisting of measurable functions on some -nite measure space ( ; ) and satisfying the following condition: if f 2 X, g is measurable, and jgj jfj, then g 2 X and kgk Ckfk. When talking of a Banach lattice, we assume also that C = 1. In this paper, for the basic measure space we take the product (T ; m ), where m is the normalized Lebesgue measure on the unit circle T, and ( ; ) is some -nite measure space. For technical reasons (see 6]), we often assume that the measure is discrete. This assumption is not too restrictive, however, because still fairly often it can be lifted by approximation by step functions. The case of functions on T is included by taking a point mass for .
Let N + be the boundary Smirnov class (see, e.g., 11]). The analytic part X A of a lattice X is de ned as follows: X A = ff 2 X : f( ; !) 2 N + for a.e. !g:
In order to avoid degeneration, we impose the following condition on X: for every nonzero f in X there exists g 2 X with g jfj, kgk ckfk, and log jg( ; !)j 2 L 1 (T) for a.e. !. See 4, 6 ] for more details, in particular, for the proof of the fact that a Banach lattice X satis es this condition if and only if so does its order dual X 0 = fg : Z Z jfgjdmd < 1 for all f 2 Xg: In what follows, this condition is tacitly assumed to be ful lled for all lattices that will occur.
Clearly, L p (T) A is the Hardy space H p (so, the spaces X A are called also \Hardy-type spaces").
2. Interpolation. We recall some facts about interpolation of Hardy-type subspaces (for more details see, e.g., the survey 5] and the references therein). If we mean real interpolation, it is most natural to study the basic property of K-closedness. We remind the reader (see 10]) that a subcouple (F 0 ; F 1 ) of an interpolation couple (E 0 ; E 1 ) of quasi-Banach spaces is said to be K-closed if for every vector f 2 F 0 +F 1 and every decomposition f = e 0 + e 1 with e i 2 E i (i = 0; 1) there exists another decomposition f = f 0 + f 1 , where f i 2 F i and kf i k E i Cke i k E i (i = 0; 1). Of course, here C must not depend on the particular vectors involved. If the couple (X A ; Y A ) is K-closed in (X; Y ), we say that the couple (X; Y ) is analytically K-stable (or AK-stable). It is important that this condition is self-dual. To state this in precise terms, we recall that a Banach lattice X of measurable functions has the Fatou property if f n ! f a. e., f n 2 X; and kf n k X C ) f 2 X and kfk X C:
It is well known that every order dual Y 0 has this property and that the Fatou property in X is equivalent to the identity X 00 = X (see, e.g., 3] 4. Duality. In Sections 4{8 we present a summary of known results about BMO-regularity.
We can say that for single spaces this property is fairly well understood, whereas for couples it is still somewhat elusive. Since some form of BMO-regularity is conjectured to be equivalent to AK-stability, by Proposition 1 BMO-regularity is expected to be a self-dual property. In 6] it was proved that for single spaces this is really the case. Proposition 3 6] . Let ( ; ) be a discrete space. Suppose a Banach lattice X of measurable functions on T has the Fatou property. If X is BMO-regular, then so is X 0 . Since the Fatou property in X is equivalent to the identity X 00 = X, the reverse implication is also true.
No analog of this statement for BMO-regular couples is available at present. The \only if" part is an easy consequence of the Helson{Szeg o theorem (see 2] concerning the latter). The argument can be found in 12, 5] . Two proofs of the \if" part are known. One of them is basically due to Rubio de Francia 12] and involves the Grothendieck inequality among other things. See 5] for a detailed exposition. A slight additional restriction on X is needed in that proof, which is certainly ful lled if, e.g., is discrete. In the latter case another proof is available, which is very short modulo the rather involved Proposition 3: by 1 in Section 6, the space ((X a ) 0 ) 1=2 is BMO-regular, and it su ces to resort to taking powers and duals. Basically, this notion serves to substitute the division property. The exponent is of technical nature. Note that we cannot get rid of by mere raising to a power because E 1= and F 1= may fail to be Banach. However, elimination of is possible (see the theorem below). Now we state the rst main result of the paper. Corollary. If is discrete, then weak BMO-regularity is a self-dual property.
Proof. Indeed (X 1=2 (Y 0 ) 1=2 ) 0 = (X 0 ) 1=2 Y 1=2 , and it su ces to refer to Proposition 3.
I conjecture that, in fact, weak BMO-regularity is the same as BMO-regularity for couples.
10. An auxiliary result. (iii) log ( ; !) BMO C for a.e. !. Then Z is a BMO-regular lattice.
Surely, the proof goes by iteration: after the rst step the assuption of the lemma is applied to f ? f A , and so on. A sequence of g i 's satisfying (3) will arise. The crucial observation is that (iii) can be rephrased with the help of the Helson{Szeg o theorem: for some 1 depending only on C and for all \reasonable" functions ' on T, we have In the general case, we know only that the couple (X a E; Y a F) is BMO-regular for some a > 0 and some BMO-regular couple (E; F) of Banach lattices. We raise the former couple to the power = (a + 1) ?1 to obtain the BMO-regularity of the couple (X 1? E ; Y 1? F ), in which both elements are Banach. By the rst part of the proof, the spaces (X 1? E )(Y 1? F ) 0 = (XY 0 ) 1? (EF 0 ) and EF 0 are BMO-regular. Application of Proposition 4 (see also the comments after it) shows that XY 0 is BMO-regular, as required. Now we prove that (III))(II ' n = exp log 1^n g jfj + iH log 1^n g jfj : Then jf' n j ng, so that f' n 2 X A X A + Y A . Next, j' n j 1, whence jf' n j g + h. By K-closedness, f' n = g n + h n , where kg n k X Ckgk X and kh n k Y Ckhk Y . Now, ' n ! 1 in measure on every set of nite measure, whence f' n ! f in the same sense.
Passing to a subsequence, we can make this convergence fast. We use the ( Vaguely, the proposition says that if K-closedness occurs on two \overlapping intervals" (0; ) and ( ; 1) of the \real interpolation scale", we can \glue" these intervals to obtain K-closedness throughout. Proof. On the measure space Z with the counting measure, consider the weight w , w (n) = n ( > 1). If X is a lattice on T , then the symbols like X(l p (Z)) = X(l p ) and X(l p (w )) have an obvious meaning. Theorem 1 in 6] says that if is discrete and X is a Banach lattice on (T ; m ) having the Fatou property, then X is BMO-regular if and only if the couple (X(l r ); L 1 (l 1 (w )) is AK-stable for some (equivalently, for all) r 2 1; 1) and > 1. By duality, the same is true if we replace L 1 (l 1 (w )) by L 1 (l 1 (w )) and the condition r 2 1; 1) by r 2 (1; 1] . The results of the present paper allow us to supplement these statements. We present two facts as samples. Other excersises in the same spirit are possible. The proofs are easy and we omit them. 
